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Quantum sensing explores protocols using quantum resource of sensors to achieve highly sensitive
measurement to physical quantities. The conventional schemes generally use the unitary dynamics
of the sensors to encode the quantities into their states. In order to measure the spectral density
of a quantum reservoir, which plays a vital role in controlling the reservoir-caused decoherence to
microscopic systems, we here propose a nonunitary-encoding optical sensing scheme. Although the
nonunitary dynamics for encoding in turn degrades the quantum resource, we surprisingly find a
mechanism to make the encoding time as a resource to improve the precision and the coherent-
state-obtained shot-noise limit a prefactor improved by the squeezing of the optical sensor at any
long encoding time. Our result shows that this is due to the formation of a sensor-reservoir bound
state. Enriching the family of quantum sensing, our scheme gives an efficient way to measure the
quantum reservoir and might supply an insightful support to decoherence control.
Introduction.—Quantum sensing pursues highly pre-
cise measuring to physical quantities by using quantum
effects of well-designed sensors under specific encoding
and measurement protocols [1–4]. The precision of any
measurement obeying the laws of classical physics is
bounded by the shot-noise limit (SNL). Quantum sensing
allows us to attain a measurement precision that sur-
passes the classical SNL by using quantum resources,
such as entanglement [5–10] and squeezing [11–13]. It
has inspired many fascinating applications in gravita-
tional wave detection [14, 15], quantum radar [16, 17],
ultimate clocks [18–20], quantum magnetometry [21, 22],
and quantum optical lithography [23]. These sensing
schemes commonly resort the unitary dynamics of the
sensors to encode the quantities into the sensor states.
Such encoding is applicable only to measure the quanti-
ties of classical systems [24–38]. To sense a quantum sys-
tem, the quantized sensor-system coupling for encoding
the quantities definitely makes the reduced dynamics of
the sensor nonunitary. A natural question is how can one
generalize the well-developed unitary-encoding quantum
sensing schemes to the nonunitary case.
Recently, there is indeed an increasing motivation to
develop the nonunitary quantum sensing scheme, espe-
cially in the setting of measuring a quantum reservoir
with infinite degrees of freedom. The inevitable inter-
actions with the reservoir would cause any microscopic
system losing its quantum coherence, which is called de-
coherence and is a main bottleneck to realize quantum
computer and other quantum tasks [39–42]. The under-
standing and controlling of the decoherence effect on the
system are vital in quantum technology. Characterizing
the system-reservoir coupling strength per unit frequen-
cies of the reservoir, the spectral density is a minimal
quantity to completely determine the reservoir-induced
decoherence. Therefore, the full grasping to the charac-
ters of the spectral density is a prerequisite for uncovering
the decoherence effect [43]. Inspired by the high-precision
nature of quantum sensing, several scheme has been pro-
posed to measure the spectral density of the reservoir [43–
50]. A substantial difference of these schemes from the
previous ones [24–38] resides in that the quantities are
encoded into the sensor state via the nonunitary dynam-
ics, which in turn degrades the quantum resources of the
sensors. This is expected to deteriorate the performance
of the sensing schemes with increasing the encoding time.
We really see in Ref. [46–50] that the sensing precision to
the spectral density not only does not surpass the SNL,
but also gets worse and worse with the increasing of the
encoding time. Thus, how to achieve an improved sensing
precision even the SNL is surpassed in the long encod-
ing time condition to the spectral density of a quantum
reservoir is still an open question.
We here propose a nonunitary sensing scheme using a
quantized single-mode optical field as sensor to estimate
the spectral density of a quantum reservoir. A mecha-
nism to make the encoding time as a resource to improve
the precision and the coherent-state-achieved SNL sur-
passed by the squeezing of the optical sensor is present
based on the exact description to the nonunitary encod-
ing dynamics. Our analysis reveals that it is intrinsically
due to the formation of a bound state in the energy spec-
trum of the composite system consisted of the optical sen-
sor and the reservoir. With this mechanism, our scheme
eliminates the out-standing error-divergence problem of
sensing quantum reservoir in the long-time regime.
Quantum parameter estimation.—To estimate an un-
known quantity θ of a physical system, we first prepare
a quantum sensor in specific state %in and couple it to
the system to encode θ into the sensor state %θ. Then
we measure certain observable of the sensor in %θ and
infer the value of θ from the result. The inevitable er-
rors make us unable to estimate θ precisely. According
to quantum parameter estimation theory [1–3, 51, 52],
whatever the observable is measured, the ultimate esti-
mation precision of θ is constrained by the famous quan-
tum Crame´r-Rao bound δθ ≥ 1/√υFθ [51, 52], where
δθ is the standard error of the estimate, υ is the num-
ber of repeated measurements (we set υ = 1 for sim-
plification), and Fθ = Tr(Lˆ2θ%θ) with Lˆθ defined by
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2∂θ%(θ) = (Lˆθ%θ + %θLˆθ)/2 is the QFI characterizing the
most information of θ extractable from %θ. It reveals that
a larger value of QFI always means a higher estimation
precision. How to maximize the value of QFI by resorting
to proper initial state %in and sensor-system interaction is
of importance in quantum sensing. If δθ is proportional
to n¯−1/2, or equivalently, Fθ ∝ n¯ with n¯ being the num-
ber of the used resouce, then the precision is called SNL.
It has been demonstrated that the SNL can be beaten by
taking the advantage of quantum protocols [24–38].
Quantum sensing to a dissipative reservoir.—We are
interested in exploring the superiority of quantum effect
in precisely sensing a quantum reservoir with infinite de-
gree of freedom. We choose a single-mode quantized op-
tical field as the quantum sensor and utilize the following
sensor-reservoir interaction to encode the information of
the reservoir into the sensor (~ = 1)
Hˆ = ω0aˆ
†aˆ+
∑
k
ωk bˆ
†
k bˆk +
∑
k
gk
(
aˆbˆ†k + aˆ
†bˆk
)
, (1)
where aˆ and bˆk are the annihilation operators of the sen-
sor with frequency ω0 and the kth reservoir mode with
frequency ωk, respectively, gk is the sensor-reservoir cou-
pling strength. Depending on the specific properties of
the reservoir, the coupling is further characterized by
the spectral density in the continuum limit of the fre-
quency J(ω) ≡ ∑k g2kδ(ω − ωk) = g(ω)2D(ω), where
D(ω) =
∫
dk/dωkδ(ω − ωk)dω called the density of state
is determined by the dispersion relation of the reservoir.
Using the Feynman-Vernon’s influence functional
method to trace over the degree of freedom of the reser-
voir [53–55], we can derive the exact non-Markovian mas-
ter equation of the sensor
%˙(t) = −iΩ(t)[aˆ†aˆ, %(t)]+ Γ(t)Lˇ[%(t)], (2)
where Lˇ[·] = 2aˆ · aˆ† − {aˆ†aˆ, ·}, Ω(t) ≡ −Im[u˙(t)/u(t)] is
the renormalized frequency, and Γ(t) ≡ −Re[u˙(t)/u(t)] is
a time-dependent dissipation coefficient. Here, the reser-
voir is assumed in vacuum initially and u(t) is determined
by the integro-differential equation
u˙(t) + iω0u(t) +
∫ t
0
ν(t− τ)u(τ)dτ = 0, (3)
with u(0) = 1 and ν(x) =
∫∞
0
J(ω)e−iωxdω. Keeping the
same Lindblad form as the Markovian master equation,
Eq. (2) collects the non-Markovian effect in the time-
dependent coefficients. We see from Eq. (3) that the
spectral density J(ω) has been successfully encoded into
the state %(t) by the master equation (2).
Different from the widely used unitary evolution [24–
38], the parameter encoding determined by Eq. (2) is
nonunitary dynamics of the sensor. Although the nonuni-
tary evolution would cause decoherence to the sensor,
we still can estimate the parameters in J(ω) in higher
precision than the classically permitted SNL via prop-
erly utilizing the quantum characters of the sensor. We
consider the initial state of the sensor as the squeezed
state %(0) = Dˆ(α)Sˆ(r)|0〉〈0|Sˆ†(r)Dˆ†(α), where Dˆ(α) =
exp(αaˆ† − α∗aˆ) and Sˆ(r) = exp[r(aˆ2 − aˆ†2)/2] with |0〉
being the vacuum state. The total photon number n¯ =
|α|2+sinh2 r, which contains the ratio β ≡ sinh2 r/n¯ from
the squeezing of the optical sensor and can be regarded as
the quantum resource of the scheme. The ratio β varies
from 0 for a coherent state to 1 for a squeezed vacuum
state. The Gaussianity of the initial state is preserved
during the evolution governed by Eq. (2). The Gaussian
states are those whose characteristic function is of Gaus-
sian form [56] χ(γ) ≡ Tr[%Dˆ(γ)] = exp[− 14γ†σγ−id†Kγ ],
where γ = (γ, γ∗)T , K = diag(1,−1), and the elements
of the displacement vector d and the covariant matrix
σ are di = Tr[%Aˆi] and σij = Tr[%{∆Aˆi,∆Aˆ†j}] with
Aˆ = (aˆ, aˆ†)T and ∆Aˆi = Aˆi − di. The QFI for any
parameter θ in the Gaussian state % reads [57–59]
Fθ = 1
2
[vec(∂θσ)]
†M−1vec(∂θσ) + 2(∂θd)†σ−1∂θd, (4)
where M = σ∗ ⊗ σ −K ⊗K with σ∗ being the complex
conjugate of σ.
Taking the Ohmic-family spectral density J(ω) =
ηω(ω/ωc)
s−1e−ω/ωc as an example, we explicitly reveal
the performance of our non-Markovian sensor to the
reservoir. Here, the dimensionless constant η charac-
terizes the sensor-reservoir coupling strength, the cutoff
frequency ωc characterizes the correlation time scale of
the reservoir, and the exponent s relating to the spatial
dimension classifies the reservoir into sub-Ohmic when
0 < s < 1, Ohmic when s = 1, and super-Ohmic when
s > 1 [60]. They are the parameters we expect to esti-
mate from %(t). Solving Eq. (2), we obtain [61]
d(t) = [αu(t), α∗u∗(t)]T , (5)
σ(t) =
[
1 + 2|u(t)|2 sinh2 r −u(t)2 sinh(2r)
−u∗(t)2 sinh(2r) 1 + 2|u(t)|2 sinh2 r
]
, (6)
with which and u(t) from Eq. (3) the QFI with respect
to the parameters in J(ω) can be exactly calculated.
When the sensor-reservoir coupling is weak and the
typical time scale of the reservoir correlation function
is smaller than the one of the sensor, we can apply
the Markovian approximation to Eq. (3) and obtain
uMA(t) = e
−[κ+i(ω0+∆)]t with κ = piJ(ω0) and ∆(ω0) =
P ∫∞
0
J(ω)
ω0−ωdω. It reduces ΓMA(t) = κ and ΩMA(t) =
ω0+∆(ω0) [55], which equal to the ones in the Markovian
master equation. It leads to the Markovian approximate
QFI as a special case in the large n¯ limit
FMAθ (t) = 2(1− β)(∂θκ)2[coth(κt)− 1]n¯t2, (7)
where θ = η, ωc, or s. We have neglected the constant
frequency shift ∆(ω0), which is generally renormalized
3into the free frequency ω0 [60]. One can see from Eq.
(7) limt→∞ FMAθ (t) = 0, which indicates that no in-
formation on the parameters is extractable from %(∞)
and thus the sensing scheme tends to break down in
the long-encoding time condition. This is physically un-
derstandable because the steady-state of Eq. (2) under
the Markovian approximation uniquely being the vacuum
state %(∞) = |0〉〈0| does not carry any message on the
parameters of J(ω). However, after optimizing FMAθ (t)
to time in the short-time regime, we have
maxFMAθ ' 0.65(∂θ lnκ)2n¯ (8)
when t ' 0.80κ−1. The maximum (8) is achieved when
β = 0 for the input state being coherent state. It implies
that no quantum superiority is delivered by the squeez-
ing. The scaling relation of maxFMAθ to the total photon
number n¯ equals exactly to the classical SNL.
In the general non-Markovian dynamics, the time-
dependent QFI is analytically complicated. We leave it
to the numerical calculation. However, via analyzing the
long-time behavior of u(t), we may obtain an analytic
asymptotic form of QFI. A Laplace transform can lin-
earize Eq. (3) into u˜(z) = [z+ iω0 +
∫∞
0
J(ω)
z+iωdω]
−1. The
solution of u(t) is obtained by the inverse Laplace trans-
form to u˜(z), which can be done by finding its pole from
y(E) ≡ ω0 −
∫ ∞
0
J(ω)
ω − Edω = E, (E = iz). (9)
It is noted that the roots E of Eq. (9) is just the
eigenenergies of Eq. (1) in the single-excitation space.
Specifically, expanding the eigenstate as |Ψ〉 = (xaˆ† +∑
k yk bˆ
†
k)|0, {0k}〉 and substituting it into Hˆ|Ψ〉 = E|Ψ〉
with E being the eigenenergy, we have (E − ω0)x =∑
k gkyk and yk = gkx/(E − ωk). They readily lead to
Eq. (9). It reveals that, although the spaces with any ex-
citation numbers are involved, the dynamics is uniquely
determined by the energy spectrum characteristic of Hˆ
in the single-excitation space. Since y(E) is a decreasing
function in the regime E < 0, Eq. (9) has one isolated
root Eb in this regime provided y(0) < 0. While y(E) is
not well analytic in the regime E > 0, Eq. (9) has infi-
nite roots in this regime, which form a continuous energy
band. We call the eigenstate of the isolated eigenenergy
Eb bound state [34, 55]. Then after the inverse Laplace
transform, we obtain [61]
u(t) = Ze−iEbt +
∫ ∞
0
J(E)e−iEtdE
[E − ω0 −∆(E)]2 + [piJ(E)]2 ,
(10)
where the first term with Z = [1+
∫∞
0
J(ω)dω
(Eb−ω)2 ]
−1 is from
the potentially formed bound state, and the second one is
from the band energies. Oscillating with time in contin-
uously changing frequencies, the integral tends to zero in
the long-time condition due to out-of-phase interference.
Thus, if the bound state is absent, then limt→∞ u(t) = 0
characterizes a complete decoherence, while if the bound
state is formed, then limt→∞ u(t) = Ze−iEbt implies a
dissipation suppression. We can evaluate that the bound
state for the Ohmic-family spectral density is formed if
ω0Γ(s) ≤ ηωc, where Γ(s) is the Euler’s gamma function.
In the absence of the bound state, it is natural to ex-
pect that Fθ(t) tends to zero becasue u(t) approaches
zero. Qualitatively consistent with the Markovian result,
the sensing scheme in this case also breaks down. In the
presence of the bound state, we substitutes the long-time
u(t) into Eq. (4) and obtain [61]
Fθ(t) ' 4Z2Θ(β, n¯)(∂θEb)2t2 (11)
with Θ(β, n¯) =
n¯(1−β)[1−2Z2(
√
n¯β(1+n¯β)−n¯β)]
1+4n¯βZ2(1−Z2) +
2Z2n¯β(1+n¯β)
1+2n¯βZ2(1−Z2) . In the special case of the initial
state being a coherent state, we have Θ(0, n¯) = n¯. In
the general case, it can be derived Θ(β, n¯) ' n¯β1−Z2 in
the large βn¯ limit. It is remarkable to find that, in sharp
contrast to the cases under Markovian approximation
and in the absence of the bound state, the long-time
QFI in the non-Markovian dynamics increases with
time in power law when the bound state is formed.
The scaling of the QFI to time is the same as the ideal
Ramsey-spectroscopy based quantum metrology, where
the parameter is encoded into the state via unitary
dynamics [62]. The result reveals that, thanks to the
bound state, even the parameters are encoded via
nonunitary dynamics with the decoherence presented,
the sensing to the quantum reservoir still performs as
ideal as the conventional unitary-encoding scheme. Fur-
thermore, although scaling with n¯ in the similar manner
as the SNL achieved by the coherent state β = 0, QFI
still has a dramatic prefactor improvement by choosing
the optimal squeezing as β = 1. Therefore, both the
encoding time and the squeezing act as resources in our
sensing scheme.
Numerical results.—To verify the validity of the above
analysis and demonstrate the performance of our non-
Markovian sensing scheme, we present numerical simula-
tions on the exact dynamics of QFI. In Fig. 1, we plot the
evolution of the QFI of the parameters θ = s, ωc, and η in
different η. We see that in the parameter regime η < 0.13
where the bound state is absent in the energy spectrum,
the QFI quickly increases to its maximum, then decreases
to zero as time further increases. Here the reservoir
causes the sensor a complete decoherence such that the
quantum characters of the sensor are fulled destroyed.
This is qualitatively consistent with the Markovian ap-
proximate result in Eq. (7) and the previous works [46–
50]. In sharp contrast to this case, the QFI monotonically
increases with the encoding time when η > 0.13 where
the bound state is formed. Well matching the analytical
result in Eq. (11) (see the darker-blue dots), the QFI in
this regime exhibits a square power law with the encoding
time. Such law is conventionally achievable only in the
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FIG. 1. Evolution of Fθ(t) in different η obtained by numerically solving Eq. (3). The insets are the energy spectrum of the
total system consisting of the sensor and the reservoir. The darker-blue dots represent the analytical results from Eq. (11),
which is in good agreement with the numerical results. The parameters ωc = 4.5ω0, s = 0.5, n¯ = 100, and β = 0.5 are used.
FIG. 2. (a,c,d) δFθ(40ω−10 ) as a function of β and θ = s, ωc and η. The dotted lines are analytically evaluated from Θ(β, n¯) = n¯.
(b) A singular point of the Fs is present at s ' 1.2. (e) Fs(40ω−10 ) as the change of n when β = 0 (solid), 0.5 (dotted), and 1
(dot-dashed). The circles, diamonds, and squares are analytically obtained from Eq. (11). The parameters (η, ωc) = (0.4, 10ω0)
in (a,b), (η, s) = (0.2, 1) in (c), (s, ωc) = (1, 10ω0) in (d), and (η, s, ωc) = (0.4, 3, 10ω0) in (e) are used.
decoherence-free quantum metrology schemes using the
unitary dynamics for encoding [62, 63]. It indicates that
although the nonunitary encoding can cause decoherence
to sensor, it still permits us to obtain a precision scaling
with time as ideal as the unitary encoding scheme. Dif-
ferent from many previous studies on sensing a quantum
reservoir [46–50] in which the precision becomes worse as
the encoding time increases, our result reveals a mecha-
nism to make the encoding time as a resource in improv-
ing the precision. It demonstrates the distinguished role
played by the formed bound state in boosting the QFI of
our non-Markovian quantum sensing scheme.
Another role of the bound state is that it permits
us to obtain a higher precision than the coherent-state-
achieved SNL via optimizing the quantum resource in
the input state. We define δFθ(t) ≡ Fθ(t) − Fθ(t)|β=0
as a witness to quantify the effect of squeezing on the
precision. Focusing on the parameter regime in the pres-
ence of the bound state, we readily obtain δFθ(t) =
4Z2t2(∂θEb)
2[Θ(n¯, β)− n¯] from Eq. (11). It can be seen
that the sensing precision goes beyond the SNL achieved
by the coherent state as long as Θ(n¯, β) > n¯. We show
in Fig. 2(a) the numerically exact contour-plot of the
long-time δFs(t) in different β and s. We really ob-
serve a clear threshold perfectly matching the analyti-
cal criterion Θ(β, n¯) = n¯, above which the SNL is sur-
passed. An exception occurs at s ' 1.2, where ∂θEb = 0
[see Fig. 2(b)]. Such singular point is called Rayleigh’s
curse [63–65], which sets a fundamental limit on the
optical-imaging resolution. The same result of squeezing-
enhanced sensing precision can be confirmed by δFωc in
Fig. 2(c) and δFη in Fig. 2(d). The behavior of Fs as the
change of n¯ in Fig. 2(e) verifies that, although the long-
time QFI has the same linear scaling relation to n¯ with
the SNL, a sufficient room to boost the QFI by the pref-
actor still exists. All these numerical results verify our
conclusion in Eq. (11) that the squeezing can enhance
the precision to sense the quantum reservoir.
Discussion and conclusions.—It should be emphasized
that our conclusion in Eq. (11) is independent of the ex-
plicit form of spectral density. Although only the Ohmic-
family form is considered, our result can be readily gen-
eralized to other cases, where the specific condition of
forming a bound state might be different, but the con-
clusion on the bound-state-enhanced sensing precision re-
mains unchanged. Thanks to the fast-growing technique
of reservoir engineering [66, 67], controllable spectral den-
sities become experimentally achievable. For example,
the Ohmic-family spectra can be simulated by trapped
ion systems [68] or an optomechanical resonator [69]. The
non-Markovian effect has been observed in optical archi-
tectures as well as optomechanical systems [69–71]. On
the other hand, the bound state and its distinguished role
the open-system dynamics has been observed in circuit
QED [72] and ultracold atom [73] systems. The above
experimental progresses provide a strong support to our
5scheme and indicate that our finding is realizable in the
state-of-art technique of quantum optics experiments.
In summary, we have proposed a non-Markovian op-
tical sensing scheme to estimate the spectral density of
a quantum reservoir. We have found a threshold, above
which the QFI scales with the encoding time in the same
square power law as the benchmarck of the noiseless
Ramsey-spectroscopy metrology scheme. This is in sharp
contrast to the result in the Markovian encoding dynam-
ics that the precision gets deteriorated with time. Our
study reveals that it is essentially due to the formation of
a bound state of the total system consisted of the quan-
tum sensor and the reservoir. We further find that the
bound state can also permit us to achieve a prefactor
surpassing to the SNL by the squeezing of the optical
sensor. Paving a way to realize a high-precision sens-
ing to the quantum reservoir by the nonunitary-dynamics
encoding, our result is helpful in understanding and con-
trolling decoherence caused by the quantum reservoir.
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DISPLACEMENT VECTOR AND COVARIANCE MATRIX
We can calculate the following mean values of operators via solving the exact quantum master equation in the main
text or via making the Gaussian integral in the path-integral influence-functional formulism [1]
Tr[aˆ%(t)] = Tr[aˆ†%(t)]∗ = u(t)Tr[aˆ%(0)], (S1)
Tr[aˆ2%(t)] = Tr[aˆ†2%(t)]∗ = u2(t)Tr[aˆ2%(0)], (S2)
Tr[aˆ†aˆ%(t)] = |u(t)|2Tr[aˆ†aˆ%(0)]. (S3)
For the initial coherent-squeezed state %(0) = Dˆ(α)Sˆ(r)|0〉〈0|Sˆ†(r)Dˆ†(α), where Dˆ(α) = exp(αaˆ† − α∗aˆ) and Sˆ(r) =
exp[r(aˆ2 − aˆ†2)/2] with |0〉 being the vacuum state, it is easy to calculate
Tr[aˆ%(0)] = α, (S4)
Tr[aˆ2%(0)] = α2 − sinh r cosh r, (S5)
Tr[aˆ†aˆ%(0)] ≡ n¯ = |α|2 + sinh2 r. (S6)
According to the definition di(t) = Tr[Aˆi%(t)] and σij = Tr[%{∆Aˆi,∆Aˆ†j}] with Aˆ = (aˆ, aˆ†)T and ∆Aˆi = Aˆi − di, we
readily obtain
d(t) = [αu(t), α∗u∗(t)]T , (S7)
σ(t) =
[
1 + 2|u(t)|2 sinh2 r −u(t)2 sinh(2r)
−u∗(t)2 sinh(2r) 1 + 2|u(t)|2 sinh2 r
]
. (S8)
DERIVATION OF EQ. (10)
The encoding dynamics of the optical sensor is uniquely determined by u(t), which satisfies
u˙(t) + iω0u(t) +
∫ ∞
0
f(t− τ)u(τ)dτ = 0, (S9)
with u(0) = 1 and f(t − τ) = ∫∞
0
J(ω)e−iω(t−τ)dω. The integro-differential equation (S9) can be linearized by a
Laplace transform into u˜(z) = [z + iω0 +
∫∞
0
J(ω)
z+iωdω]
−1. Then u(t) is analytically solvable via the inverse Laplace
transform to u˜(s), i.e.,
u(t) =
1
2pii
∫ iσ−∞
iσ+∞
e−iEt
E − ω0 +
∫∞
0
J(ω)
ω−E dω
dE, (S10)
where E = iz and σ is chosen to be larger than all the poles of the integrand [2]. It can be done by finding its pole
via
y(E) = E (S11)
with y(E) ≡ ω0−
∫∞
0
J(ω)
ω−E dω. Equation (S11) is not else but the one satisfied by the eigenenergies of the total system
composed of the sensor and the quantum reservoir. Thus its solutions give the energy spectrum of the total system.
Equation (S11) is ill-defined in the regime E ∈ [0,+∞), which forms a branch cut to Eq. (S10). Since y(E) is a
monotonic decreasing function in the regime E ∈ (−∞, 0), Eq. (S11) has one and only one root Eb in this regime as
long as y(0) < 0. We call the corresponding eigenstate of this isolated eigenenergy bound state.
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FIG. S1. Path of the contour integration in the complex plane Re(E) + iIm(E) for the calculation of the inverse Laplace
transform of u˜(E).
Figure S1 shows the path of the contour integration to evaluate Eq. (S10). According to the residue theorem, we
have
lim
→0,R→∞
[∫ iσ−R
iσ+R
+
∫
CR
+
∫
B−
+
∫
C
+
∫
B+
]
e−iEt
E − ω0 +
∫∞
0
J(ω)
ω−E dω
dE = 2pii
∑
j
Res(Ej), (S12)
where Res(Ej) represents the residues. From Jordan’s lemma, the integration along the arc paths CR and C is
negligible. Therefore, the only paths which contribute u(t) are those around the branch cut. Thus we have
u(t) = Res(Eb)− 1
2pii
lim
→0
[∫ 0−i
∞−i
+
∫ ∞+i
0+i
]
e−iEt
E − ω0 +
∫∞
0
J(ω)
ω−E dω
dE
= Res(Eb) +
1
2pii
lim
→0
∫ ∞
0
[
e−iEt
E − i− ω0 +
∫∞
0
J(ω)
ω−E+idω
− e
−iEt
E + i+ ω0 +
∫∞
0
J(ω)
ω−E−idω
]
dE, (S13)
where we have used the fact that there is at most one isolated pole Eb for the Ohmic-family spectral densities. Equation
(S13) can be further simplified by the identities lim→0
∫∞
0
J(ω)
ω−E±idω = −∆(E) ∓ ipiJ(E) with ∆(E) = P
∫ J(ω)dω
E−ω
into
u(t) = Res(Eb) +
1
2pii
∫ ∞
0
[
e−iEt
E − ω0 −∆(E)− ipiJ(E) −
e−iEt
E + ω0 −∆(E) + ipiJ(E)
]
dE
= Res(Eb) +
∫ ∞
0
J(E)e−iEt
[E − ω0 −∆(E)]2 + [piJ(E)]2 dE. (S14)
For the Ohmic-family spectral densities, the singular point Eb of the integrand is the first-order pole. Therefore, the
residue can be evaluated by the L’Hospital’s rule as
Res(Eb) = lim
E→Eb
(E − Eb)e−iEt
E − ω0 +
∫∞
0
J(ω)
ω−E dω
= lim
E→Eb
e−iEt − ite−iEt(E − Eb)
1 +
∫∞
0
J(ω)
(ω−E)2 dω
= Ze−iEbt, (S15)
where Z = [1 +
∫∞
0
J(ω)dω
(ω−Eb)2 ]
−1. Therefore, we arrive at the final form of u(t) as
u(t) = Ze−iEbt +
∫ ∞
0
J(E)e−iEt
[E − ω0 −∆(E)]2 + [piJ(E)]2 dE. (S16)
QUANTUM FISHER INFORMATION IN MARKOVIAN LIMIT
When the sensor-reservoir coupling is weak and the typical time scale of the reservoir correlation function is smaller
than the one of the sensor, we can apply the Markovian approximation to the integro-differential equation in the
3main text and obtain uMA(t) = e
−[κ+i(ω0+∆)]t with κ = piJ(ω0) and ∆(ω0) = P
∫∞
0
J(ω)
ω0−ωdω. It reduces ΓMA(t) = κ
and ΩMA(t) = ω0 + ∆(ω0) [1], which equal to the ones in the Markovian master equation. Then the quantum Fisher
information can be readily calculated
FMAθ (t) = 2n¯(∂θκ)2t2
{
β[coth(κt)− 1]− 4β(n¯β + 1)
e4κt + 2n¯β(e2κt − 1) +
2(1− β)
e4κt + 4n¯β(e2κt − 1)
[
2n¯β + e2κt + 2
√
n¯β(n¯β + 1)
]}
.
(S17)
Here, we have neglected the constant frequency shift ∆(ω0), which generally can be renormalized into the free frequency
ω0 of the sensor. One can check limt→∞ FMAθ (t) = 0. It means that the message of spectral density of the quantum
reservoir vanishes in the long-encoding time limit and no information can be extracted from the steady state of the
quantum sensor.
Next, we examine the behavior of FMAθ (t) in the large n¯ limit. In this case, one can expand FMAθ (t) in power of
n¯−1. Its leading term reads
FMAθ (t) = 2(1− β)(∂θκ)2[coth(κt)− 1]n¯t2. (S18)
Optimizing parameters β and t, we find that the maximum of FMAθ (t) is
max
β,t
FMAθ (t) =
[
− 2W(−2/e2)−W2(−2/e2)
](∂θκ
κ
)2
n¯ = 0.65(∂θ lnκ)
2n¯, (S19)
when β = 0 and t = [1 +W(−2/e2)/2]κ−1 = 0.80κ−1 with W(x) being the Lambert W -function. We see from Eq.
(S19) that the maximal FMAθ is proportional to n¯. It means that the sensing precision optimized to the encoding
time and the quantum resource scales with the total photon number in the same manner as the shot-noise limit in
Markovian approximation. No quantum superiority is delivered by the squeezing and the encoding time in this case.
EXACT QUANTUM FISHER INFORMATION
As a benchmark to compare with, we first consider the initial state being a coherent state, i.e., β = 0. One can readily
derive that the quantum Fisher information in this case reads Fθ(t)|β=0 = 4n¯|∂θu(t)|2. Focusing on the parameter
regime in the presence of the bound state and substituting the long-time form Ze−iEbt with Z = [1 +
∫∞
0
J(ω)dω
(Eb−ω)2 ]
−1
of u(t) into this formula, we have
lim
t→∞Fθ(t)|β=0 = 4n¯|∂θZ − iZ(∂θEb)t|
2 ' 4Z2n¯(∂θEb)2t2, (S20)
where the time-independent term ∂θZ has been neglected in the long-time condition.
In the general case with β 6= 0, some straightforward algebra can lead to
lim
t→∞Fθ(t) ' 4Z
2(∂θEb)
2Θ(n¯, β)t2, (S21)
Θ(n¯, β) =
2Z2n¯β(1 + n¯β)
1 + 2n¯βZ2(1− Z2) +
n¯(1− β)[1− 2Z2(√n¯β(1 + n¯β)− n¯β)]
1 + 4n¯βZ2(1− Z2) . (S22)
It is easy to check that Θ(n¯, β) reduces to n¯ and Eq. (S21) returns to Eq. (S20) when β = 0. In the large n¯ limit, we
can expand Θ(n¯, β) in power of n¯−1 and keep the leading term as Θ(n¯, β) ' n¯β1−Z2 .
In the following we give the explicit form of ∂θEb for θ = η, ωc, and s. Using the fact that Eb < 0 for the
Ohmic-family spectral density J(ω) = ηω(ω/ωc)
s−1e−ω/ωc , we have∫ ∞
0
J(ω)
ω − Eb dω = ηωcEis+1(−Eb/ωc)Γ(s+ 1)e
−Eb/ωc ,
where Ein(z) ≡
∫∞
1
e−ztt−ndt is the exponential integral function and Γ(s) is the Euler’s gamma function. Making
the derivative of θ = η, ωc, and s to the equation satisfied by Eb, i.e., ω0 − Eb −
∫∞
0
J(ω)
ω−Eb dω = 0, we can calculate
∂ηEb =
ωcEis+1(−Eb/ωc)Γ(s+ 1)
ηEis+1(−Eb/ωc)Γ(s+ 1)− ηEis(−Eb/ωc)Γ(s)− eEb/ωc , (S23)
∂ωcEb =
ηΓ(s)[ωc(ωc + Eb)e
Eb/ωc + Eb(ωc + Eb − sωc)Eis(−Eb/ωc)]
ηωc(Eb − sωc)Γ(s)Eis(−Eb/ωc) + ω2c [ηΓ(s)− 1]eEb/ωc
, (S24)
∂sEb =
ηωcΓ(s+ 1)
[
G3,02,3
(− Eb/ωc∣∣∣ s+ 1, s+ 10, s, s )− ψ(s+ 1)Eis+1(−Eb/ωc)]
eEb/ωc + ηΓ(s+ 1)[Eis(−Eb/ωc)− Eis+1(−Eb/ωc)] , (S25)
4where
Gp,qm,n
(
z
∣∣∣ a1, ..., ap
b1, ..., bq
)
≡ 1
2pii
∫
C
Γ(1− a1 − θ)...Γ(1− an − θ)Γ(b1 + θ)...Γ(bm + θ)
Γ(an+1 + θ)...Γ(ap + θ)Γ(1− bm+1 − θ)...Γ(1− bq − θ)z
−θdθ (S26)
is the Meijer G-function [3] and ψ(z) ≡ ∂z[ln Γ(z)].
During the numerical calculation to the exact quantum Fisher information, the derivative of u(t) to θ is performed
by the fourth-order finite difference method
∂θu(t) ' −u(t)|θ+2 + 8u(t)|θ+ − 8u(t)|θ− + u(t)|θ−2
12
(S27)
with  = 10−7.
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